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Abstract 

We discuss Euclidean Green functions on product manifolds V = J\f x 
M. We show that if M is compact and M is not compact then the 
Euclidean field on V can be approximated by its zero mode which is a 
Euclidean field on A/". We estimate the remainder of this approximation. 
We show that for large distances on M the remainder is small. If V = 
R ^ 1 x S 13 , where S 13 is a circle of radius /3, then the result reduces to 
the well-known approximation of the D dimensional finite temperature 
quantum field theory by D — 1 dimensional one in the high temperature 
limit. Analytic continuation of Euclidean fields is discussed briefly. 

1 Introduction 

The aim of the Kaluza-Klein program [1] is a unification of interactions by means 
of an extension of the number of dimensions D. Then, D — 4 dimensions are 
supposed to be unobservable. In this paper we ask the question whether a higher 
dimensional quantum field theory can be approximated by a lower dimensional 
one (not necessarily from the point of view of the Kaluza-Klein program). We 
have shown in our earlier paper [2] (see also [3]) that such an approximation 
applies near the bifurcate Killing horizon when D dimensional quantum field 
theory can be approximated by a two-dimensional one. We are interested in the 
dimensional reduction from the point of view of Green functions, i.e., correlation 
functions of quantum fields. We examine the question whether the compact 
dimensions are negligible. In terms of the Green functions this means that 
Green functions in higher dimensions should be approximated by the ones in 
lower dimensions. Such a property cannot be true at arbitrarily small distances 
(except of some brane-type models [4] [5]) because the singularity of the Green 
function depends on the dimension. So, the approximation can make sense 
only above a certain length scale. If the manifold V is the product manifold 
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V = N x M. then we expect that the Green functions on V can be approximated 
by the ones on Af if the distances on Af are big in comparison to the size of M. . 
In the conventional approach to Kaluza-Klcin theories [1] , the Fourier expansion 
of functions on the compact manifold A4 leads to large masses which make (by a 
formal argument) propagators of the massive Kaluza-Klein particles negligible, 
realizing in this way the dimensional reduction. We are interested to see how 
this decoupling works in the configuration space. 

In order to study the problem in a rigorous way we work in the Euclidean 
(Ricmannian instead of pscudoRicmannian) formulation of quantum field the- 
ory. Although the Euclidean approach to fields on a manifold is not as complete 
as in the flat space there are already some crucial results concerning the analytic 
continuation and construction of quantum fields [6] [7] . The quantum fields are 
determined by the Green functions. We discuss in this paper only the two-point 
function which is sufficient for a construction of free fields. The analytic contin- 
uation of interacting Euclidean fields can be performed if V and the interaction 
have an additional reflection symmetry [6] [7] . 

In sec. 2 we define the Green functions. The Green functions are expanded in 
eigenfunctions in sec. 3. We distinguish the contribution of the zero mode which 
determines the dimensional reduction. In sec. 4 we discuss a special case of two 
dimensional manifold Af. We estimate the correction to the lower dimensional 
approximation in sec. 5. In sec. 6 we construct quantum fields from the Green 
functions. We discuss a possible extension of the results in sec. 7. 



2 Warped metric on a product manifold 

We consider a manifold in the form of a product V = Af x M. where Af has D — d 
dimensions and A4 is a d dimensional manifold . We assume that a metric on 
V can be expressed in the warped form [8] 

ds 2 = a AB dX A dX B = g ab (x)dx a dx b + v 2 {x)h 3k {y)dy 3 dy k (1) 

where the coordinates on V are denoted by the capital X — (x,y), the ones on 
Af by x and the coordinates on A4 are denoted by y. If v = 1 then the metric 
on the product manifold is just a product of the metrics. 
Let 

A P = -Ld A a AB ^d B (2) 

be the Laplace-Beltrami operator on V . We are interested in the calculation of 
the Green functions (a = det ((tab)) 

(-A P +m 2 )g m = ^=8 (3) 

In the metric (1) eq.(3) reads 

( - v d - 2 ^(A M - m 2 ) - d a g ab v d ^jd b )g m = hj5(X - X') (4) 
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A solution of eq.(3) can be expressed by the fundamental solution of the diffusion 
equation 

d T Pr = \^pPt (5) 

with the initial condition P (X,X') = a~iS(X - X'). Then 

g m = - J drexp(--m 2 r)P T (6) 

If v = 1 then we may write eq.(4) in the form (here Iim — det(ftjfc) and g = 
det(g ab )) 

(-A M + m 2 - A N )G m = h M h g-?5(X - X 1 ) (7) 

In such a case from eq.(5) we obtain a simple formula ( in the sense of a product 
of semigroups) 

P T P = P T N P T M (8) 

where the upper index of the heat kernel denotes the manifold of its definition. 
Hence 

g m (X,X') = -j o dT C xp(--m 2 r)P T N (x,x')P T M (y 7 y') (9) 

The formula (9) is useful if we have a reliable approximation for the heat 
kernels on TV and M. We could conclude from eq.(9) (using the Schwinger- 
DeWitt asymptotic expansion) that if X is close to X' then Q ~ (sj v (x,x') + 
s 2 M {y, y'))~ where Sm denotes the geodesic distance on M.. We are inter- 
ested in the behaviour of the Green functions when sn » sm- For such a 
purpose the formula (9) does not seem useful. We apply eigenfunction expan- 
sions of the heat kernels in the next section. 

The special case of D — d = 2 and v = 1 can be studied in more detail. We 
choose the isometric coordinates with g a b = S a ba 2 - In such a case eq.(4) reads 

(a 2 (x)(-A M + m 2 ) - A 2 )g m = h M h(X - X') (10) 

where A 2 is the Laplacian on R 2 . 

3 Eigenfunction expansions 

We assume in this section that M. is a compact manifold without a boundary. 
Then, — Am has a complete discrete set of orthonormal eigenfunctions [9] 

-A M Uk = ekUk (11) 
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satisfying the completeness relation 

J2^(y)u k (y') = hj6(y-y') (12) 

k 

Let us note that 1 is an eigenfunction (11) with the eigenvalue (we use the 
normalization J dy^Jhu = 1)- Then, (distinguishing the zero mode) we can 
expand the heat kernel in eigenfunctions 

P^(y,y') = 1 + Y,eM-\tkT)u k {y>k{y') (13) 

For the N part of V we consider the eigenvalue problem in I? (dx) suggested by 
eq.(4) 

A k <t> k E = (v d - 2 ^uj 2 k - d a g ab v d ^d b ) <j> k E = E k <j> k E (14) 

where 

luI = e k + m 2 (15) 
The eigenfunctions satisfy the completeness relation 

E 

where the sum must be replaced by an integral if the spectrum of A k in eq.(14) 
is continuous. 

We expand the Green function in eigenfunctions u k of the Laplacc-Bcltrami 
operator A m 

g™(x,x') ee z k g?{x,x') = Y.kgfMMvWW) (ie) 

Then, g k is expanded in the eigenfunctions (14) 

g k n (x,x')=J2E k 1 ^ E (x)ct> k E (x') (17) 

E 

g™ is a solution of the equation 

A k9k n (x,x') = 6(x-x') (18) 

1 is an eigenfunction of —Am with the eigenvalue 0. If we subtract the zero 
mode (corresponding to Uo = 1) from Q m then 

g™(x,x') - g?(x,x') = EE^o^^t^^^'Kt^^fe) (is) 

with 



4 



g^(X,X') = G m {x,x') (20) 
where G m is a solution of the equation 

( - d a g ab v d g?d b + m 2 v d - 2 g^ G m = S(x - x') (21) 

We investigate in this paper whether Q m can be approximated by i.e., by 
the Green function G m on N '. Such an approximation cannot be true for small 
distances because if the metric tensor is a regular function then the singularity 
of the Green function depends on the dimension of the space-time (see the 
discussion in sec. 7). We expect that the approximation makes sense for large 
distances in TV. It can be seen that a decay of eigenfunctions <fr E is sufficient 
for a disappearance of each term on the rhs of eq.(19) at large x(this is not a 
necessary condition as we show soon). The eigenfunctions 4> k E are localized if 
the spectrum of the operators Ak (14) is discrete. We can estimate the decay of 
eigenfunctions <p E applying the eikonal (WKB) approximation to eq.(14). This 
means that we write 4> k = exp(— u>kW) assuming that W is growing uniformly 
in each direction for large distances. Then, in the leading order we obtain for 
large x the equation 

1 = v 2 g ab d a Wd b W (22) 

We obtain an exponential localization (increasing with the eigenvalue e^) of 
4>% if v~ 2 g a b is uniformly growing to infinity for large distances. Let us note 
that v~ 2 g a b is the metric on Af related to the one of eq.(l) by a conformal 
transformation. The growth of g a b = v~ 2 g a b means that the volume element 
/ dxyfg is infinite. Such a property could be used to characterize the manifolds 
V whose Green function is dominated by the zero mode. Our rough arguments 
need a confirmation by a mathematical theory of the eigenvalue problems of 
second order differential operators (see [10] for some partial results). The sum 
over eigenvalues eu (the rhs of eq.(19) ) will be discussed in sec. 5. 

In the special case (10) when v = 1 and D — d = 2 the eigenvalue equation 
(14) reduces to the well-known problem of quantum mechanics 

Atfe = (-A 2 + ^a 2 (z))4 - E k 4> k E (23) 

Here, A 2 denotes the two-dimensional Laplacian. In this special case we have 
simple criteria for the discreteness of the spectrum of A. If a 2 is growing uni- 
formly in all directions then the spectrum of A is discrete and the eigenfunctions 
are localized ( see [11] for a precise formulation and proofs). The eikonal approx- 
imation reads 

VWVW = a 2 (x) (24) 

Hence, |V14 7 (x)| is growing like a(x). The decay of eigenfunctions derived from 
eq.(24) is in agreement with exact results [11]. If the eigenfunctions (j) k E decay for 
large x then the volume of TV, equal to / dxa 2 (x), is infinite (TV is not compact). 
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The localization of cigcnfunctions 4>%{x) is not necessary for a decrease of 
gm _ gm _ us consider the simplest case of a non-compact TV = R D ~ d with 
v = 1 and g a h = (5 a &. Then, ^4fc has a continuous spectrum, its cigcnfunctions 
are not localized, but 

(g m -g™)(x,x') 

= Ek=ioJ™ dTe M~^ 2 k T- ^(x - x') 2 )(2nT)- £ ^-u k (y)u k (y') (25) 
= E fe #o 9 k {x-x')u k (y)u k {y') 

where 

gh n {x,x>) =g^{x : xi) =/ oo drcxp(-im 2 r- ±(x - x') 2 ){2kt)- ^ (26) 
and 

5 ™(x - a/) = 2(2 7 r) 1/ - 1 |a; - x'\" uj- v K v {uj k \x - x'\) 

with i/ = —-^5^ + 1, where K v is the modified Bessel function of the third kind 
[12]. From the asymptotic expansion of K v it follows that (for any m 2 > 0) 
each term on the rhs of eq.(25) is decaying exponentially for large \x — x'\ . The 
sum on the rhs of eq.(26) will be estimated in sec. 5. 

If AT is a compact manifold without a boundary then the spectrum A„ of the 
Laplacc-Bcltrami operator A^r on A/" is discrete 

-AjvV>n = Kipn (27) 

In such a case 

P?{x,x') = l + Y J ^M-\Kr)^ n {x)^ n {x l ) (28) 

Hence, if v = 1 then from eq.(9) 

(gm _ g™)(X,X<) = Y. k> o9k(x,x')u k (y)u k (y') (29) 

where _ 

g?(x, x 1 ) = J^iK +e k + m 2 )-^ n {x)i> n {x') (30) 

n 

and 

gh n (x,x>) = G m (x,x') = E„(A„ + m 2 )-^ n (x)Mx') (31) 

is the Green function (3) on Af (solving eq.(21) for v = 1). 

However, if N is compact then there is no reason to neglect the rhs of eq.(29). 
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4 A two-dimensional manifold M with a Killing 
vector 



We discuss in this section in more detail the product manifold V = N x M 
(v = 1) when the two-dimensional manifold TV has a symmetry generated by a 
Killing vector K. In an adapted system of coordinates such that K = d\ the 
metric can be written in the form 

ds 2 = dx 2 + a\{x )dx\ + h jk{y)dy 3 dy k (32) 

jk 

In such a case the equation for the Green function reads 

-(docudo + a^Of + a ± A M - m 2 ai )g m = h~J 6 (33) 
We can write the metric in an equivalent form. Let 

x = J dxo(ai(a;o)) _1 (34) 

Then, 

ds 2 = al(xo)(dxl + dxf^j + ds 2 M (35) 
where ds 2 M is the metric onM. In the new coordinates 

(-d 2 - d 2 - a 2 Am + m 2 ai)g m = h M H (36) 

where 5 — S(x — x') depends on x variables. 
As an example, let a\(xo) = xo then 

x a = ln(x ) (37) 

Hence, eq.(36) takes the form 

(-d 2 - d 2 - exp(2x )(A M - m 2 ))Q m - h M H (38) 

In spite of a vanishing at zero (in the original x coordinate) it can be checked by 
means of a calculation of the curvature tensor R that R is a continuous function 
(if M. = R n then the formula for the curvature in Bianchi type space-times 
derived in [13] [14] gives R = 0). We have discussed the model (38) in detail 
in [2]. It has been shown that the model serves as an approximation to the 
Green function on a space-time with the bifurcate Killing horizon. If A4 — R d 
then eq.(38) defines the Green function on the Euclidean version of the Rindler 
space. 

An interesting class of models results from a choice of a metric which has a 
power-like singularity at x when approaching x = 0. We may choose ai(x ) 2 = 
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a I £0 1 27 (the curvature tends to infinity at the singularity if 7 7^ 1). Then, in 
the coordinates (34) we have 



x2 ■- '^L 



ai(xoY = \xo\~ (39) 
in eqs.(35)-(36). 

We apply the cigcnfunction expansion (23) of sec. 3 to the case when a\ 
depends only on xq. We consider eq.(36) (we omit the hat over x$). We expand 
the Green function in a complete set of orthonormal cigenfunctions of the one- 
dimensional quantum mechanical problem 

(-%+L>la 1 (x ) 2 )<fc = * n (k) 2 <fc (40) 

where ojk is defined in eq.(15) and 

X^«( X o)0n(4) = 6 ( x - x'q) (41) 



Then, a solution of the equation for the Green function (10) has an expansion 

g m (x,x') 

= ^ _1 Efe,„ : "fc(2/)^(2/')^(^o)^K)A„(fc)- 1 cxp(-A„(/c)|x 1 - aril) ^ 
The formula (42) follows from eqs.(16)-(17) if we write 
4>%(x ,xi) = exv{ipiXi)4>^(xo) 
with E k = p\ + A„(fc) 2 and 

E J n 

Then, the integral over pi in eq.(17) leads to eq.(42). 

The eigenfunctions 4> k are decaying exponentially if a\ is growing at infinity, 
as can be seen, e.g., from the WKB approximation (see [11] for rigorous results) 

<j> k n (x) ~ exp(-u; k J dxai(x)) (43) 

Hence, each term in the expansion (42) is decaying exponentially. Note that 
according to eqs.(22),(24) and (43) the terms with larger eigenvalues e k are 
decaying faster then the ones with the lower eigenvalue. 

5 The correction to the contribution of the zero 
mode 

We expect that in general (for a non-compact manifold N) the difference Q m — 
Q™ is negligible for large distances on TV. First, we must estimate the Green 
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functions g™ (18) of the second order differential operators Ak (depending on 
Ck) on J\f for large distances. We write 

g?(x, x') = cM-^kWix, x')) (44) 

Assuming that W is growing uniformly in each direction we obtain in the leading 
order for large distances eq.(22) for W. We recognize eq.(22) as an equation 
for a geodesic distance s v N on the manifold N with the metric v~ 2 g a b [15]. 
Hence, the geodesic distance W{x,x') = s v N {x,x') is the solution of cq.(22) 
which is symmetric under the exchange of the points and satisfies the boundary 
condition W(x,x) — 0. We insert the approximate solutions g™ (44) (for some 
rigorous results on the large distance behaviour of Green functions of second 
order differential operators see [10] [16]) into the sum (19) over eigenvalues and 
eigenfunctions of —Am- We approximate the sum over large eigenvalues by an 
integral (Weyl approximation) assuming |ufc(t/)| < C. Then 

\(g™ -g™(x,x>)\ 

^ ^iEfc<A ex P(- tJ fc s 7v( a; > :z: '))l u fc(y)||Mfc(y')l +^2^ k | >A rfkcxp(-w fc s]( r (x,a;')) 

(45) 

where in the integral over k we set ujk = Vk 2 + to 2 . The integral over k is 
decreasing exponentially as a function of sn- 

We make the estimate precise in the simple model of TV = R D ~ d (eq.(25)). 
We apply Weyl theory [17] saying that for large eigenvalues the sum over eigen- 
values of the Laplace-Beltrami operator on a d-dimensional compact manifold 
M can be approximated by a d-dimensional integral with ek ~ k 2 . If addition- 
ally we assume \uk\ < C then in eq.(25) 

\{Q m - QV){X,X')\ < A l E fc<A \c k (x - ^)||« fc (»)||« fc (i/')| +Ra(x- x') 

(46) 

where from the Weyl approximation 

R A (x - x') = C 2 / °° drf |k|>A dkcxp(-i(k 2 + to 2 )t -±{x- x') 2 ){2-kt)-^ 
= A/ °° dTT-iT(l irA 2 ) exp(-iTO 2 r - ±(x - x') 2 )(2wt)- ^ 

(47) 

where T denotes the incomplete gamma function [12]. From the asymptotic 
expansion of T we obtain that 

R A (x - x') ~ exp(-v/A 2 + m 2 \x- x'\) (48) 

for large \x — x'\. Hence, we can conclude that Q rn — Q™ for large \x — x'\ is 
decreasing as exp(— y/m 2 + e\x — x'\), where e is the lowest non-zero eigenvalue 
of —Am- The decay of \(G m — G™){X, X')\ for large distances is determined by 
the first term on the rhs of eq.(46). 

We repeat the estimates in the model (25) without any reference to the Weyl 
approximation in the simplest case of M. = S 13 where S 13 is the circle of radius 
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(3 ( then the spectrum of — Am is known). The method of an explicit sum over 
eigenvalues is simple if m = 0. Then, from eqs.(9) and (17) 

Q°(X,X') 

= (27T/3)" 1 / °° dr(2^T)-^ exp(- ^(z - x') 2 ) £ fe exp(-§(§) 2 ) exp(if - y')) 
= f Q °° dr(2nr)-^ cxp(-£(x - x') 2 ) £ fe exp(-£(i, - y' - 2^/3fc) 2 ) 

(49) 

Performing the integral over t we obtain 

G°(X, X') = (27r)-^+ 2 r(f - 1) J2 k ((x - x' f + (y-y'- 2^fc) 2 )-#+! 

(50) 

In order to perform the sum we apply the formula 

= lh ( coth(^(a + i(y y')) + coth(-L(a - i(y y'))) 

The formula (51) can be applied directly to eq.(50) with a 2 = (x — x') 2 if 
D = 4. When D is even and bigger then 4 then we differentiate cq.(51) over a 2 
and subsequently apply to the sum (50). If D = 2n + 1 is odd then we have to 
use differentiation n — 1 times together with an integration in order to perform 
the sum in eq.(50). 

We show this procedure for D = 3. This dimension is relevant for the model 
(25) of sec. 3 and in models of sec. 4. We use the integral 



r-OO 

/ dr(r 2 + a 2 )- 1 = ira- 1 
Jo 



(52) 



in order to represent the Green function in D = 3 dimensions in the form 
Q°(X,X') 

= 2-§7r- 2 r 1 f Q °° dr± (coth(^(<r + i(y y')) + coth(-L(<7 - i(y y'))) 

(53) 

where a 2 = r 2 + (x a - x' a ) 2 + (xi - x^) 2 . Then, 

= 2-i^ 2 /?- 1 J™ dr± (coth(^(a + i(y y'))) 1 + coth(^(<7 - i(y y')) l) 

(54) 

where = G° is defined in cq.(26) with L>-d = 2(form = 0andL>-d = 2 
the integral (26) is divergent at large r; this is the well-known infrared problem 
for massless scalar fields, it can be avoided by a choice of test functions for the 
smeared out fields with no support at the zero momentum, in such a case the 
integral (26) is defined as a logarithm of the distance ) . 
Applying the formula 

cothw - 1 = 2exp(-2v)(l - exp(-2u))" 1 
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we bound the integral on the rhs of eq.(54) by 

\(g°-g a )(X,X')\ < A^dra- 1 exp(-2a) = AK (±y/(x - x' ) 2 + (x, - x[) 2 

for large (x — x' Q ) 2 + (x\ — x[) 2 , where K v denotes the modified Bessel function 
of the third kind [12], which is exponentially decreasing for large arguments. 

We conclude from eq.(54) that the logarithmic two-dimensional propagator 
well approximates the three dimensional propagator for distances (xq — x' ) 2 + 
(xi — x'jj 2 >> (3 2 . Applying eqs.(50)-(51) we could confirm for any dimension 
D — d the result following from eqs.(46)-(48) that the difference Q° — Gq is 
exponentially small for large distances (the length scale is /3 which is equal to 
the radius of the circle S@ or in other words it is the square root of the inverse 
of the lowest non-zero eigenvalue of —Am)- For D > 3 the Green function Q 
would be approximated by Go ~ \x — x'\~ D+3 ( by log \x — x'\ in D = 3). The 
high temperature limit of interacting field theories is discussed in [18] [19]. 



6 Quantum free fields on the product manifold 

We introduce now a free Euclidean field as a random field with the two-point 
correlation function equal to the Green function (see [7]). The Green function 
(17) defines the Gaussian Euclidean field 

$(x,y) = J2® k = ^2xk(x)u k (y) (55) 

k k 

where 

(Xk(x) X r(x')) = 5 kr g?(x,x') (56) 

<7™ as a Green function of the second order differential operator is non-negative. 
This is a positive definite bilinear form. Hence, it defines Gaussian Euclidean 
field <p k on Af. In the example (25) of Af = R D - d we have g" k l = (-A + 
w^) _1 .Then, 0™ is the Euclidean free field on R D ~ d with the mass ui k (<p n has 
the mass to). In an analytic continuation of the model (25) to the Minkowski 
space Xk becomes the free quantum field with the mass ui k on the D — d dimen- 
sional Minkowski space. 

The models of sec. 4 have an expansion 

$(x ,x u y) = Efc^fe = J dp 1 exp(ip 1 x 1 )^2 ktn a k {pi,n)<t>^(x )u k (y) ^ 
= $o(zo,zi) + T lk>Q ^k(xa,x 1 ,y) 

where 

(a k (pi,n)a k >(p' 1 ,n')) = S(pi - pi)<W<W(Pi + A„(fc) 2 ) -1 (58) 

We have 

($o(io,n)*oW,i'i)) = Gh n (x, x') = / °° drexp(-iTO 2 r - £(x - x'f^r)- 1 

(59) 
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and for k > 



(^ k (x ,x 1 ,y)^ k (x' ,x' 1 ,y')) 



We can continue analytically the Green functions (60) of the model (57) into 
imaginary values of X\ (then X\ plays the role of time; the analytic continuation 
follows from the positivity of the Green function (60) under a reflection of x\ 
[7]) 



g m (x ,ix 1 ,y,ix' 1 ,y') 

= \ Efe,™ exp(U„(fc)(xi - x[))0 n {x o )<pU x o)uk(y)uk{y') 

Such Green functions result from the quantization in the Fock space 



(61) 



where 



®(xo,Xi,y) = Y,k,n cx P(- iX n{k)xi)a k {n)(f)k(x )u k (y) 

+ T,k,n eX P( iX ™( k ) X l) a k( n )&U X o)uk(y) 

[a k (n),a^,(n')] = -5 nn ,8 kk , A„(fc) _1 (63) 

7T 

are the creation and annihilation operators. 

In order to define a quantum field from the Euclidean field (60) with another 
time we would need the reflection positivity in another direction . Various 
analytic continuations are possible on the same manifold TV. As an example, 
if Af is the hyperbolic space then the Euclidean field on TV can be analytically 
continued cither to a quantum field on DcSitter space or to the one defined on 
the AntiDcSitter space [7]. The model (38) of sec. 4 (ai ~ x\ ) with M = R d as 
the Euclidean version of the Rindler space has an analytic continuation to the 
Rindler space or to the Milne space. The model is also related by a conformal 
transformation to the direct product of the real line and the hyperbolic space 
(the models and their analytic continuations are discussed in [20] and in the 
references cited there). 

In general, if we are able to define a quantum field with the Green function 
defined by the analytic continuation of (18) (for every k) then we can define 
the quantum field on an analytic continuation of V by means of the expansion 
(55). 



7 Discussion 

We have investigated some aspects of quantum free fields on product manifolds 
V = Af x M.. Such studies have a long history. It is an old argument that on 
a compact manifold M the heavy modes (KK-modes) decouple from the zero 
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mode (defining the dimensional reduction). In this paper we have studied the 
problem in the configuration space. An approximation of quantum field theory 
by a lower dimensional one is not trivial because the theories in various dimen- 
sions have different short distance behaviour. The dimensional reduction of the 
Kaluza-Klcin type can make sense only above a certain length scale determined 
by the size of the compact manifold ( or cquivalcntly by the inverse of the square 
root of the lowest non-zero eigenvalue of — A M ). In sec. 5 we have estimated the 
difference Q — G a , where Go 1S the D — d dimensional Green function. We have 
shown in some models that there is no dimensional reduction for a non-compact 
M [2]. Nevertheless, a study of Green functions with non-compact manifolds M 
can lead to some unexpected results. The conventional behaviour \x — x'\~ D+2 
in D dimensions of the Green functions of quantum massless fields can fail on a 
manifold. The Green functions of the model of sec. 4 can be more singular than 
it would follow from the dimension-dependent index D — 2. A change of the 
short distance behaviour has been shown in the brane model of Dvali et al [5] . 
Their model can be formulated in the framework of sec. 2 with D — d = 1. The 
equation for the Green function reads 

{-d 2 + a 2 (x )(-A + m 2 ))g m = 8 (64) 

The Fourier transform of Q in D — 1 variables satisfies an equation for the 
quantum mechanical Green function with the potential V = p 2 a 2 (xo). We have 
studied solutions of the equations for Green functions in [21] by means of path 
integrals. The short distance behaviour depends on the singularity of a 2 (xo) for 
x — > 0. In the model of ref.[5] 

a 2 (x ) = a + (i8{x ) (65) 

It follows from [5][21] that 0(O,y,O,y') ~ \y - y'\~ D+3 . This is the behaviour 
of the Green function in D — 1 dimensions. Such a behaviour of the Green 
function at short distances may be called a dimensional reduction in spite of 
the continuous spectrum of A on M. 

Let us still consider the models with a singular metric of sec. 4 in view of the 
results of [21]. The equation for the Green function reads 

(-d 2 -d 2 + \x \^(-A + m 2 ))g m =6 (66) 

where xo has been called r\ in [21]. Applying the methods and results of ref.[21] 
we obtain 

£(0,:ei,0; 0,^,0) ~ \x x -xW^T (67) 

and 

g(0Ay;0,0,y')^\y-y'\- D+2 (68) 

for small distances. Hence, the Green functions in the x\ direction are more 
singular (if 7 > )than the ones in R D , whereas the singularity in the y direction 
is the same as the one in the D dimensional free field theory on a flat space. 
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In the model of Dvali et al [5] the long distance behaviour of massless fields 
is the same as the one in D dimensions. The dimensional reduction discussed 
in the present paper concerns the long distance behaviour. The short distance 
behaviour can be different from the canonical one (with the index D — 2) only 
if the metric is singular. 

An analytic continuation of Green functions of the models of sec. 4 with a 
Killing vector on TV as discussed in sec. 6 follows from the general theory of a 
quantization of the symmetry generated by the Killing vector formulated in [7] . 
In the system of coordinates adapted to this Killing vector the analytic contin- 
uation concerns the coordinate x\. It gives the Hilbert space, the Hamiltonian 
and a unitary evolution. There can be more reflection symmetries on a manifold. 
The Ricmannian manifolds of sec. 4 are invariant under the reflection xo — > — xq. 
However, a reflection positivity (with respect to xq), necessary for a definition 
of the quantum field (with xo as an imaginary time), remains unclear. The 
reflection positivity may have a physical meaning. Tunnelling between different 
topologies of space-time may require a reflection invariant Riemannian manifold 
[22]. Models with a prior to the Big Bang evolution [23] [24] seem to require a 
Euclidean version which is invariant under a time reflection. 

References 

[1] Modern Kaluza-Klein Theories, Th. Appelquist, A. Chodos and P.G.O. 
Freund,eds., Addison- Wesley Publishing, 1987, 

C.A. Orzalesi, Fortschr.Phys. 29,413(1981) 
[2] Z. Haba, arXiv: 0708. 1742 

[3] T. Padmanabhan, Mod.Phys.Lett.A17,923(2002), arXiv:gr-qc/0202078 
T. Padmanabhan, Phys.Rep.4O6,49(2005) 

[4] L.Randall, R.Sundrum, Phys.Rev.Lett. 83,3370(1999); 
Phys.Rcv.Lctt. 83,4690(1999) 

[5] G.Dvali,G.Gabadadze and M.Poratti, Phys.Lett.485B,208(2000) 
G. Dvali and G. Gabadadze, Phys.Rev.D63,065007(2001) 

[6] J. Dimock, Rev.Math.Phys. 16,243(2004) 

[7] A.Jaffe and G. Rittcr, Commun.Math.Phys, 270,545(2007) 

[8] J. Choi, J.Math.Phys.41,8163(2000); 

J. Choi and S.-T.Hong,J.Math.Phys.45,642(2004) 

[9] I. Chavel, Eigenvalues in Riemannian Geometry, Academic Press, New 
York, 1984 



14 



[10] S. Agmon, Lectures on Exponential Decay of Solutions of Second-Order 
Elliptic Equations, Princeton Univ. Press, Princeton, New Jersey,1982 

[11] M. Reed and B. Simon, Methods of Mathematical Physics, Academic Press, 
New York, 1979 

[12] I.S. Gradstein and I.M.Ryzhik, Table of Integrals, Series and Products, Aca- 
demic Press, New York, 1962 

[13] S.A. Fulling, L. Parker and B.L. Hu, Phys.Rev.D10,3905(1974) 

[14] N. D. Birrcll and P.C.W. Davis, Quantum Fields in Curved Space, Cam- 
bridge University Press, 1982 

[15] DeWitt B.S. and Brchmc R.W., Ann.Phys.9,220(1960) 

[16] E.B. Davis and E.M. Harrell , Journ.Diff.Eqs.66,165(1987) 

[17] M.E. Taylor, Pseudodifferential Operators, Princeton University Press, 1981 

[18] L. Dolan and R. Jackiw, Phys.Rev.D9,3320(1974) 

[19] Th. Appelquist and R.D. Pisarski, Phys.Rcv. D23,2305(1981) 

[20] Z. Haba, Journ.Phys.A40,8535(2007) 

[21] Z. Haba, Journ.Math.Phys.46,042301(2005) 
Mod.Phys.Lctt.A32, 2411(2004) 

[22] G.W. Gibbons and J.B. Hartlc, Phys.Rcv.D42, 2458(1990) 
G.W. Gibbons and H.-J.Pohle, Nucl.Phys.B410, 117(1993) 

[23] G. Vencziano, arXiv:hcp-th/0002094 

[24] J. Khoury, B.A. Ovrut, N. Seiberg, P.J. Stcinhardt and N. Turok, 
arxiv:hep-th/0108187 



15 



